The second part of the paper is devoted to enumeration of r-regular toroidal maps up to all homeomorphisms of the torus (unsensed maps). We describe in detail the periodic orientation reversing homeomorphisms of the torus which turn out to be representable as glide reflections. We show that considering quotients of the torus with respect to these homeomorphisms leads to maps on the Klein bottle, annulus and the Möbius band. Using 3-and 4-regular maps as an example we describe the technique of enumerating quotient maps on surfaces with a boundary. Obtained recurrence relations are used to enumerate unsensed r-regular maps on the torus for various r.
Introduction
Following [1] and [2] , we define equivalence classes of maps up to all homeomorphisms, including orientation-reserving, as unsensed maps. Taking the complete group of symmetries into account reduces the number of non-isomorphic maps. For example, the Atlas [3] mentions 23 different 4-regular toroidal map with 3 vertices. At the same time among these maps there are three pairs which differ only by a reflection (Figure 1(a-f) ). Consequently, there are 20 different unsensed 4-regular maps with 3 vertices on the torus.
Unlike the problem of counting sensed maps the problem of enumerating unsensed ones is little investigated. An exception in this regard is the paper [1] where an algorithmic method for enumerating planar maps up to arbitrary symmetries was developed, and the work [4] in which the author extended his approach to counting planar maps up to homeomorphisms that preserve surface orientation to the ones that reverse it.
In the present paper we employ a geometric approach to enumerate unsensed maps based on the enumeration of rooted maps on cyclic orbifolds and on the determination of the unrooted coefficients in terms of order and orientation preserving epimorphisms from orbifold fundamental groups onto cyclic groups. These approach was firstly described in the article [5] in applied to enumerated unsensed maps on surfaces regardless of genus. The authors of that article pointed out that the technique developed in they paper is suitable for enumerating unsensed maps on the surfaces of given genus. In our paper we apply this technique to the specific surface, namely, to the torus. This restriction simplifies the enumeration of order and orientation preserving epimorphisms and the determination the types of orbifolds. Then we use the results obtained in the first part of the article for counting the number of some specific quotient maps on surfaces with a boundary which arise naturally when considering symmetries that reverse surface orientation. After enumerating such quotient maps we will finally be able to enumerate r-regular toroidal maps up to all homeomorphisms, including orientation-reversing. For r = 3 and r = 4 we will provide explicit enumerating formulas. For larger r numerical results will be given. 
Enumerating r-regular maps on the torus up to all homeomorphisms
To enumerate the maps with respect to all surface homeomorphisms we will use the approach which was described in [5] . It was proved [5, Lemma 4.2] that the numberτ n of unsensed maps with n edges can be calculated by the formulaτ n = τ n +τ n 2 ,
where τ n is the number of sensed maps with n edges andτ n is the number of maps admitting an orientation-reversing automorphism. Similarly to [6] we can conclude that the same equality holds for the number of r-regular maps of a given genus, and particularly for the numberτ
n of r-regular maps on the torus. The summandτ (r) n in the right-hand side then can be rewritten as
Here h O (m) is the number of rooted quotient maps on the orbifold O with m semiedges, corresponding to r-regular maps on the torus, O runs through all orientation-reversing cyclic orbifolds Orb − (T /Z 2l ) of the torus with period 2l, and Epi
) is the number of order and orientation preserving epimorphisms from fundamental group of the orbifold O onto the cyclic group Z 2l . Using results of [7, Theorem 2.4.4] we can conclude that the Riemann-Hurwitz formula for the orbifolds of the torus has the form
where χ is the Euler characteristic of the orbifold O, m i are branch indices of the branch points. Solving this equation for orientation-reversing orbifolds we obtain the following list of all possible orbifolds:
-an annulus without branch points;
-a Klein bottle without branch points;
-a Möbius band without branch points;
-a disc with two branch points of indices 2;
-a projective plane with two branch points of indices 2.
Using the techniques given in [5] we can compute the numbers Epi
) of order and orientation preserving epimorphisms for the orbifolds listed above. These numbers are equal to:
-ϕ(l) if l is odd and 0 if l is even, for an annulus without branch points, ϕ being the Euler's function;
-ϕ(l) if l is odd and 4ϕ(l) if l is even, for a Klein bottle without branch points;
-ϕ(l) if l is odd and 0, l if is even, for a Möbius band without branch points;
-0 for a disc with two branch points of indices 2;
-0 for a projective plane with two branch points of indices 2.
These results admit an obvious geometric interpretation. Any orbifold corresponding to non-zero number of epimorphisms could be represented as a quotient of the torus with respect to some glide reflection of the square representing this torus on the plane. Consider first glide reflections with respect to a horizontal axis i (Figure 2 ). Let the ratio between the value of the 'shift' and the length of the side be a rational number p/q, 0 p/q < 1, p and q are coprime. On Figure 2 an example of a glide reflection with respect to a horizontal axis and p/q = 1/4 is shown. The fundamental polygon in this case is one fourth of a square. Since the right side of this polygon is transformed into its left side under the glide reflection with respect to i, we may think of these sides as glued together in the reverse direction. Consequently, the fundamental region as a whole is glued into the Klein bottle.
An example of a glide reflection with p/q = 1/3 is shown on the Figure 2 (b). For such a ratio of p and q the fundamental region is one sixth of the square (shaded area on Figure 2 (b)). Indeed, it would take six steps for the glide reflection to transform it into itself. After the second step its left side a would coincide with its right side b, and vice versa after the fourth step. At the same time its top and bottom sides would never become coincident. Consequently this glide reflection corresponds to a rectangular fundamental region with its right and left sides glued together. In other words, it is an annulus.
An analogous situation takes place in the general case. Namely, if q is an even number then the fundamental region is a q-th part of the square glued into a Klein bottle (Figure 2(a) ). In this case the number of possible different values for p is equal to ϕ(q), and q = 2l. If q is odd then the fundamental region is one 2q-th of the square glued into an annulus (Figure 2(b) ). For a given q the number of possible coprime values of p is still equal to ϕ(q), and q = l. Conversely, for a given l = 2d the number q = 2l = 4d, ϕ(q) = 2ϕ(l) = 2ϕ(2d), and the corresponding orbifold is the Klein bottle.
In the case l = 2d + 1 the number q is equal to either l or 2l. In both cases ϕ(q) = ϕ(l), but in the former case the orbifold O is an annulus and in the latter case O is the Klein bottle. Now consider glide reflections with respect to the diagonal of the square. Consider first the case of q = 3, p = 1 (Figure 3,a) . As in the case of a horizontal glide reflection the fundamental region is equal to one sixth of the square (shaded region F one the bottom left, Figure 3(a) ). In this case the sides a and b are glued, as well as the segments c and d of the side that doesn't lie on the axis. Indeed, after applying the glide reflection that moves the fundamental region in the upper right direction, its side b will coincide with a on the third step and vice versa (see the dashed region on the top right square). Now observe that after applying one step of the glide reflection the segment d becomes coincident with the segment c of the same fundamental region drawn on the bottom right square (see the dashed region on Figure 3 It turns out that the diagonal glide reflections corresponding to an odd value q and an even value 2q actually define the same tranformation. Indeed, consider the abovementioned example of the glide reflection with respect to the axis i corresponding to q = 3 ( Figure 4(a) ). For the values p = 2, q = 3 after one application of the glide reflection with respect to i the fundamental region F is moved upwards to the region F 2 . Note that instead of the original square we can represent the torus as another square which is obtained from it by a shift to the right by a half of the side of this square (the dashed square on Figure 4 (a)). Choose F 1 as the new fundamental region in this square and j as the new glide reflection axis ( Figure 4 (a)). For the parameters p = 5, q = 6 of the glide reflection the fundamental region F 1 which is the same region as F on the torus is transformed into the region )) is one fourth of the square which represents the torus. The glide reflection with respect to the axis i which shifts this axis by one fourth of the diagonal of the square transforms the side c of the fundanetnal region into its side b, and the side a into the side d (the point 1 is transformed into the point 2). The next application of the glide reflection glues the sides e and f . As a consequence, the fundamental region is glued into the Klein bottle. So in this case we have 2l = q and the number of possible values of p is equal to ϕ(q) = ϕ(2l) = 2ϕ(2d).
As a consequence, the formula (1) for the number of r-regular unsensed maps can be rewritten as
Here κ
n is the number of r-regular maps on the Klein bottle which was determined in the first part of the paper. C n are the numbers of quotient maps with n semi-edges on the annulus and on the Möbius band. Our next step is to enumerate the corresponding quotient maps on such orbifolds. Maps on the Klein bottle were already enumerated in the first part of the paper. The next sections are devoted to enumerating maps on surfaces with a boundary.
Enumeration of maps on surfaces with a boundary
As in the case of homeomorphisms that preserve surface orientation, we will enumerate quotient maps M on orbifolds O, that is, maps that have some peculiarities that are related to the existence of the boundary of a surface. As an example consider the 4-regular map M on the torus depicted on the Figure 5 (a). Such map is transformed into itself under the action of the reflection with respect to the axis i. The corresponding quotient map M on an orbifold O is actually a quotient map on the annulusannulus ( Figure 5(b) ). It can be seen that the boundary of an orbifold may contain vertices (vertices x 1 , x 2 and x 3 on Figure 5 (b)) and/or edges (edges e 3 and e 4 on Figure 5(b) ). In addition, the edges e 1 and e 2 on the torus that cross the axis of symmetry correspond to dangling semi-edges of the quotient map M on the annulus. Let L be the period of the symmetry, for our example L = 2. Any internal vertex (edge) of a quotient map M corresponds to L vertices (edges) of the map M on the torus. Any vertex (edge) that lies on the boundary of an orbifold corresponds to L/2 vertices (edges) of the corresponding map M. Analogously, any dangling semi-edge of M corresponds to L/2 regular edges of the map M. In addition to that, the degrees of vertices that lie on the boundary of the orbifold are smaller than those of M. It is convenient to think that every semi edge that lies on the boundary is counted as 1/2 both in the number of semi-edges of the quotient map and in the degree of the vertex incident to it. With this approach the total number of semi-edges of a quotient map M becomes equal to one L-th of the number of semi-edges of the original map M and the degree of every vertex lying on a boundary becomes equal to the one of the corresponding vertex of M divided by 2. Figure 5 The next limitation follows from the fact that every face of a map on the torus must be homeomorphic to a disc. In other words we can't walk along the meridian or parallel without intersecting an edge or a vertex of the map. Now assume that a map M possesses a symmetry under which the corresponding orbifold is an annulus ( Figure 5 ). The requirement that forbids walking along a meridian or parallel on a torus without crossing the edges and vertices corresponds to the requirement that any walk that either wraps the annulus or passes from one of its boundaries to another must cross an edge or a vertex of the map (see Figure 5 and forbidden paths shown in dashed lines).
Now consider the situation when one edge e of a quotient map M lies on the boundary entirely. Note that it is only possible if there is at least one vertex x lying on the same boundary. Depending on the parity of the vertex degrees of the r-regular map on the torus there are two different cases. For an even r any vertex x that lies on the boundary must be incident either to zero or to two semi-edges lying on that boundary. For an odd r it must be incident to exactly one such semi-edge.
It follows that for even r the existence of at least one semi-edge that lies on a given boundary means that this whole boundary is covered with edges ( Figure 5 ). This observation allows to simplify the enumeration of quotient maps on a surface with a boundary for even values of r. If some boundary of a surface is entirely covered with edges, we can contract all these edges into a single vertex with the degree uniquely determined by the number k of vertices lying on this boundary. For example, for 4-regular maps this degree is equal to exactly k.
For odd values of r any vertex that lies on a boundary has exactly one incident semi-edge that lies on this boundary. Consequently the cases of odd and even r possess some different properties. In the remaining part of the article we will demostrate them using 4 and 3-regular maps. We will also present a table of enumeration results for r = 3, . . . , 6.
3 Toroidal 4-regular maps up to all homeomorphisms
As it was shown before, to enumerate maps on the torus taking orientation-reversing homeomorphisms into account it is necessary to enumerate quotient maps on the annulus and on the Möbius band. Since for 4-regular maps each boundary of a surface is either fully covered by map edges or contains no map edges at all, it will be natural to classify such quotient maps with respect to the number of boundaries covered by edges. Namely, we can express the numbers C n and M n as
n = M 0,n + M 1,n , C i,n and M i,n being the numbers of quotient maps on the corresponding surfaces with exactly i boundaries covered by edges.
Note that for a fixed i the set of corresponding quotient maps on a surface with a boundary can be split further based on the position of the root vertex with respect to the boundary. We begin with the case i = 0 (see Figure 6 , a 4-regular map on an annulus). For such i two types of quotient maps exist: those with the root vertex lying on a boundary (Figure 6(a) ), and those with the root vertex lying in the interior of the surface (Figure 6(b) ). We denote by c we denote the numbers of quotient maps with the root vertex x lying on the boundary and having the degree 2 and the root semi-edge chosen in such a way that in the counter-clockwise ordering of the semi-edges incident to the root it is the one that appears right before the boundary (Figure 6(a) ). Since in the general case any semi-edge could be the root, the number of quotient maps having the root vertex lying on the boundary is equal to 2 c (out) n,2 and 2 m (out) n,2 , and the numbers C 0,n and M 0,n can be computed by the formulae
Next we obtain the formulae for the numbers C 1,n and M 1,n . Instead calculating them directly it will be more convenient to count the numbers C k 1,n and M k 1,n of quotient maps having n semi-edges, exactly one boundary covered with edges, k edges on this boundary and the root edge chosen in such a way that the surface is located to the right of it (see Figure 6 (a) corresponding to the annulus, n = 27 and k = 7). The numbers C 1,n and M 1,n can be expressed through C k 1,n and M k 1,n using double counting. Indeed, for a fixed k quotient maps enumerated by the sequences C k 1,n and M k 1,n have k possible positions of the root semi-edge, whereas the corresponding quotient maps with an arbitrary root position have n such positions. Since the parameter k may take any value in the range from 1 to n, we conclude that
In order to find an expression for the C 2,n we introduce the sequence C k,l 2,n enumerating quotient maps with two distinct semi-edges located on two different boundaries of the annulus in a way that the interior of the annulus remains to the right of them. The parameters k and l are defined as the total numbers of semi-edges on the corresponding boundaries. Using the double counting principle we conclude that
The multiplier 1/2 is necessary to stop distinguishing the annulus boundaries.
As we already noted before, quotient maps that have a root edge lying on some boundary that is fully covered with edges can be reduced by contracting this whole boundary into a single vertex. As an example, the Figure 7 (b) shows a quotient map on the disc that is obtained from the quotient map on the annulus shown on Figure 7 (a) by contracting the edges lying on its boundary into a single vertex x of degree 8. Consequently, taking into account the change in the total amount of semi-edges, we may write the following expressions:
In the first formula d
n,k is the number of quotient maps on the disc with no edges lying on its boundary, the root of degree k and n semi-edges in total.
Summarizing these considerations, we may write the following expressions for the numbers C n and M n of maps on the annulus and the Möbius band with n semi-edges:
As it can be seen from the formulae (3) and (4), to count quotient maps on the annulus and on the Möbius band it remains to find the expressions for the numbers c
and d
n,k . The next three subsections are dedicated to this problem.
Enumeration of 4-regular quotient maps on the disc
It's the easiest to obtain recurrence relations to enumerate quotient maps on the disc. In the following sections we will need the numbers of quotient maps with the root vertex lying in the interior of the disc as well as quotient maps with the root vertex lying on its boundary. We will start with the second type, namely with the quotient maps with the root vertex but no edges lying on the boundary (Figure 8 ). For definiteness we will assume that the root semi-edge is the last one among semi-edges incident to the root vertex x in the counter-clockwise order. Denote the number of such quotient maps by d (out) n,d . To show that the recurrence relation for these numbers has the form
we analyze possible results of contracting the root semi-edge in a quotient map M. Let this edge join a vertex x of degree d with a vertex y lying in the interior of the disc (Figure 8(a) ). In this case contracting this edge yields a quotient map of the same type, but with the degree of the root vertex equal to d + 2. The number of semi-edges in the obtained quotient map is reduced by two relatively to the original quotient map. This case corresponds to the summand d
n−2,d+2 in the right hand side of (5). Now assume that the root semi-edge is dangling and ends on the boundary of the disc (Figure 8(b) ). Contracting such a semi-edge reduces by one both the total number of semi-edges and the degree of the root vertex. This case corresponds to the second summand in the right hand side of (5).
The third and the fourth summands in the right hand side of (5) describe the cases when the root semi-edge joins the root vertex x of the degree d with a vertex y of the degree 2 lying on the boundary (Figure 8(c-d) ). The second edge incident to y may lie on any side of the root edge. If it's the left (5)). If it's the right side, then the root semi-edge splits the disc into two regions with some quotient map in each of them (Figure 8(d) ).
Finally, the last summand in the right hand side of (5) corresponds to the case of the root semi-edge being a loop (Figure 8(e) ). Contracting this loop separates the sub-map lying in the interior of this edge and transforms it into a map with i edges and the degree of its root-vertex equal to j on the sphere. The remaining part of the quotient map M is transformed into a quotient map on the disc with the parameters n − 2 − i, d − 2 − j (fifth summand in (5)).
The next step is to derive a recurrence relation for the numbers d (in)
n,d of quotient maps with the root edge lying in the interior of the disc (Figure 9 ) and no semi-edges lying on its boundary. The numbers d
Indeed, the first summand in the right hand side of (6) corresponds to the case of the root semi-edge joining the root vertex x with a vertex y lying in the interior of the disc (Figure 9(a) ). The second summand corresponds to a dangling semi-edge (Figure 9(b) ), contracting which moves the root vertex x to the boundary of the disc. The summand 2 · d
n−2,d describes the case when the root vertex x is joined by the root semi-edge with a vertex y of degree 2 lying on the disc boundary (Figure 9(c-d) ). The multiplier 2 is explained by the fact that the second edge incident to y may lie on either side of the root edge. Finally, the last summand in the right hand side of (9) corresponds to the case of the root semi-edge being a loop (Figure 9(e-f) ). Since this loop may have two possible orientations, this summand in (6) is multiplied by 2.
To enumerate quotient maps on the Möbius band we will also need the numbers d
n,d enumerating quotient maps on the disc with the root vertex x lying on the boundary, no edges lying on the boundary, and one distinguished leaf z lying on it (Figure 10(a) ). The corresponding recurrence relation has the form (Figure 10(b) ). In addition to that, the third summand in (5) is now split into two, since we should take into account that after cutting the disc along the root edge, the leaf z may remain in either of the regions (Figure 10(c) shows one of these possibilities).
Enumeration of 4-regular quotient maps on the annulus
Next we will derive recurrence relations for the numbers c n,d . We begin with the quotient maps with a root vertex lying on some boundary with no incident edges going along this boundary (Figure 11(a) ). The number c (out) n,d of such quotient maps can be calculated by the formula
The combinatorial sense of the summands c (8) is exactly the same as the one of the corresponding summands in the formula (5) (see Figure 8(a-b) ). The summand d
(1) n−2,d−1 corresponds to quotient maps with the root edge joining the root vertex with a vertex on the opposite boundary (Figure 11(a) ). Indeed, contracting such an edge (x, c) can be described as follows (Figure 11(b) ): we split the edge (x, c) into two identical edges, contract one of them into x and the other into c. As a result the inner and outer boundaries get merged by (x, a, b, c) and we obtain the quotient map shown on the Figure 11(c) . Note that the other edge incident to c in the original quotient map must lie to the right of the root edge (Figure 11(a) ). Indeed, since the root edge is the leftmost one with respect to the root vertex x, if the other edge incident to c was its leftmost edge (Figure 11(d) ), on the disc there would be a path from one boundary to another that does not cross any edges (dot-dashed line on Figure 11(d) ). But as we noted before, such an edge means that the torus contains a face not homeomorphic to a disk.
The next three summands correspond to the case of the root edge joining x with a vertex z of degree 2 placed on the same boundary as x. In the first sub-case the other edge incident to z is on the left of the root edge (Figure 11(e) ). Contracting the root edge yields a quotient map on the annulus with n − 2 semi-edges (summand c (out) n−2,d in (8)). The next two sub-cases correspond to this edge lying on the right of the root edge ( Figure .11(f-g) ). This root edge, in its turn, can leave the second boundary either on its left (Figure 11(f) ), or on its right (Figure 11(g) ).
The last two summands in (8) with the summation signs correspond to quotient maps with the root edge being a loop (Figure 11(h-i) ). The first summand enumerates maps with the root edge contractible into a point on the annulus surface (Figure 11(h) ). The second summand enumerates the maps with the root edge wrapping the annulus boundary (Figure 11(i) ).
Next we describe quotient maps with the root lying in the interior of the annulus. The number of such maps c n,d can be calculated by the the following recurrence relation: Figure 11 The first summand in the right hand side of (9) corresponds to the case of the root edge connecting the root vertex x with one of the vertices also lying in the interior of the annulus (Figure 12(a) ), whereas the second summand describes quotient maps with the root edge being dangling ( Figure  12(b) ). The summand 2 · c (out) n−2,d describes maps with the root edge connecting the root vertex x with a vertex z of the degree 2 lying on the boundary of the annulus (Figure 12(c-d) ). The multiplier 2 is needed to take into account the fact that the second edge incident to z can be positioned in two different ways with respect to the root edge (Figure 12(c-d) ). Two summands under two summation signs enumerate quotient maps with the root edge being a loop. The first of them corresponds to the case of the root edge being contractible into a point on the surface of the annulus (Figure 12(e) ), the multiplier 2 reflects the fact that there are two possible orientations for such an edge. The second summand corresponds to a loop that wraps the annulus along its boundaries (Figure 12(f) ). 
Enumeration of 4-regular quotient maps on the Möbius band
As in the case of the annulus we should consider two cases, one of the root vertex lying on the boundary ( Figure 13 ) and the other of the root vertex lying in the interior of the Möbius band. In both cases it will be convenient for us to use the representation of the Möbius band as an annulus with opposite points of one of its boundaries identified pairwise ( Figure 13 ).
We begin with the first case. The corresponding recurrence formula for the numbers m
To enumerate quotient maps on the annulus we will also need the numbers d
n,d of quotient maps on the disc with the root vertex on the boundary and an additional distinguished leaf that also lies on this boundary. For these numbers, the recurrence relation takes the form
Next we provide recurrence relations for quotient maps on the annulus which can be proved by the same means. For the maps with the root vertex on the boundary the corresponding numbers c
can be calculated by the formula
For maps on the annulus with the root vertex lying in its interior the formula is The formulae (3) and (4) for r = 3 should be replaced by two following relations: Indeed, all quotient maps on the annulus (and on the Möbius band) can be split into two classes, depending on whether or not the root vertex lies in the interior of the surface. It is straightforward to see that maps with the root in the interior are described by the numbers c n,2 and multiply them by a coefficient that describes the real number of rootings of a quotient map of the same type to remove the restriction which requires the root to be in a certain position.
Substituting these expressions into (2) we obtain the numbersτ (3) n of 3-regular maps on the torus counted up to all its homeomorphisms (Table 1) .
Conclusion
Although for sensed maps the problem of enumerating maps by genus was solved in a generic way [8] , a similar problem for unsensed maps, being its natural generalization, seems to be little investigated. The technique developed in [4] for the sphere was never attempted to be used for higher genera surfaces. It seems that the technical difficulty of enumerating quotient maps on orbifolds arising when considering orientation-reversing symmetries which was noted in [4] would allow to obtain only quite cumbersome formulae for the general case of a genus g surface.
In this regard, the case of the torus is somewhat special. Even though we had to consider closed non-orientable surfaces (the Klein bottle) and both orientable and non-orientable surfaces with a boundary (the disc, the annulus and the Möbius band), neither of these surfaces had branch points, and that allowed us to keep our recurrence relations reasonably complex. The results of enumeration of quotients of r-regular maps on these surfaces and the final formulae for unsensed toroidal 3-and 4-regular maps on the torus seem to be new. We have also computed the numbers of unsensed toroidal maps for r = 3 . . . 6 and included all these results in the Table 1 . Correctness of the first few terms in each of these sequences was checked by explicit generation of the corresponding non-isomorphic maps.
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